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Hermite neural network for solving the
Blasius equation

Aida Pakniyat? and Kourosh Parand?

In this paper, we propose a Hermite neural network method for solving the Blasius equation, a nonlinear ordinary differential
equation defined on the semi-infinite interval. In this work, Hermite functions are transformed using variable transformation
in a semi-infinite domain. Hermite functions are used for the first time in a neural network to solve Blasius differential
equations, making this method better than existing networks. This method is efficient for solving differential equations. In
this paper, we explore the benefits of using the backpropagation algorithm to update parameters for neural networks. By
applying this approach, we can successfully avoid issues such as overflow and local minima, which are common challenges
associated with other optimization methods. The results obtained are compared with other methods to validate the proposed
method and presented in both graphical and tabular form. Copyright (©) 2022 Shahid Beheshti University.
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1. Introduction

The study of fluids has gained popularity in physics and fluid mechanics due to the description of flat plates representing boundary
layers with zero-pressure gradients. Boundary layer flow is one of the fundamental problems in fluid dynamics that has long been
studied by researchers. Most of the boundary layer is made up of a turbulent zone with eddies and fluctuations of flow parameters.
However, in the vicinity of the wall, the fluctuations are damped, and laminar flow conditions prevail.

In 1931, Falkner and Skan expressed the Falkner-Skan equation, which is a nonlinear differential equation in fluid dynamics.
This equation allows for some velocity profiles [7, 41]. If a fluid passes over a flat surface near the solid surface boundary, a layer
of fluid called the boundary layer forms, and there are significant viscosity effects in this area. The law of mass conservation
states that the fluid in a material volume within a closed material surface cannot disappear or appear without the existence of
internal sources or sinks. Blasius proposed a solution method for solving equations in the parallel flow of a flat plate, which is
induced by changing the pipe geometry.

Several methods have been proposed for solving unbounded domain problems [2, 3, 39]. Spectral methods [1, 15, 29, 40] are
one of the most popular methods for solving such problems. Boyd studied some spectral methods in the semi-infinite domain [4].
Parand et al. [29, 34] compared rational and fractional polynomials to solve nonlinear ordinary differential equations on unbounded
domains. Guo [10, 11] used the Jacobi and Gegenbauer collocation method. Shen [20] considered the Hermite spectral method
on unbounded intervals.

Numerous numerical methods have been used to solve this problem [13, 18, 21, 35, 43]. In their study, Parand et al. used the
generalized Laguerre function to solve the Blasius equation [34].

One of the methods for solving differential equations is the implementation of an artificial neural network. Recently, this
method has attracted the attention of researchers because of its convergence and fast run time. In machine learning, the
universal approximation theorems state that artificial neural networks can approximate any function and learn and represent it
with any given precision. The use of machine learning for numerical solving began in the late 1990s [8, 17, 23]. For solving
higher-order ordinary differential equations, hybrid methods based on machine learning and optimization methods have been
used [24, 28, 31, 44]. Support vector machines have recently been considered as one method of solving differential equations
[6, 22, 30, 33, 42].
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Parand et al. have used a neural network and deep neural network for solving differential equations on an unbounded domain
[25, 26, 38]. Gao [9] applied convolutional neural networks for solving parameterized steady-state PDEs on irregular domains.
The authors [5, 23, 27, 36] used artificial neural networks for the solution of differential equations. Parand [38] also introduced a
mixture of a new set of fractional orthogonal polynomials and the artificial neural network to solve nonlinear differential equations
on unbounded domains. In this paper, we present a numerical method for the Blasius differential equations, which is one of the
fundamentals of fluid dynamics, with the Hermite neural network. By using this method, there is no need to recalculate the
parameters of the system model, which can be described based on the condition of the system's status.

The remainder of this letter is organized as follows: In section 2, we explain the implementation of deep learning for solving
differential equations, and in section 3, we demonstrate the numerical experiment’s results. Finally, in section 4, we present our
conclusions

2. Implement
In this section, we summarize the method for solving the Blasius equation.

2.1. Blasius equation

Ludwig Prandt used scaling arguments to prove that about half of the terms in the Navier-Stokes equations are negligible in
boundary layer flows (except near the leading edge of a plate). In fluid dynamics, the boundary layer that forms near a flat plate
with fluid moving by it is described using the boundary layer condition and its initial condition [14, 18, 34].
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a flat plate problem has the following boundary conditions

{u(O,y) = U, u(x,0)=v(x,0)=0,

u(x, 00) = Us,

(3)

Here, v is the kinematic viscosity and U denotes the constant free stream velocity. The velocity components in the x
coordinate parallel to the plate in the direction of the flow are denoted by u and v, while the y coordinate is normal to the plate.
The pressure is denoted by p, and the density by p.

According to Blasius, the Prandtl x-momentum equation has a self-similar solution when ? = 0. By introducing the
dimensionless similarity variable 7, the stream function f becomes:

:\/@\/gy, b= mLHVVfo(n), 4)
6]

and u = a—f and v = % velocity components can be expressed as follows:

1 /m+1
= Uf - _ -
u=UF (n) 2\/ o+ (5)
2m
m=3 76 = P=0i (6)
and substituting v and v in the equation (1) into governing equations after manipulations gives
" 1
f(n)+5fmf () +BL—Fm] =0, ne(0,00), (™)
the boundary conditions are as follows:
F0)=f(0)=0, f (+o0)=1. (8)

2.2. Hermite functions
In this section, we describe the properties of Hermite functions. The normalized Hermite function of degree n, denoted by ﬁn(x),

is defined as [20, 32].

~ 1 _e
Hp(x) = ——=e"2 Hy(x), n>0, xeR 9
(x) NG (x) > 9)
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Orthogonal relation for Hermite functions is as follows:

/+OC ﬁn(X)ﬁm(X) = ﬁémn, (10)

o]

here, dmn is the Kronecker delta function. Hermite functions are defined in the (—oo, +00) domain and have the following

recurrence relation
Hps1(x) = x +1 —4/ +1Hn 1(x), n>1,

2

Ho(x) = e%, Hi(x) = V2xe 2 . (11)

Using recurrent relation of Hermite functions and the above formula leads to

H'n(x) = vV21nHn-1(x) — xHn(x \/7Hn 1(x) — \/ (12)
and it becomes
77\/’7”2(”71)’ m=n-—2
+oo __ 1 =
/ H/”(X)H/m(X)dX = (n +7\'(2I71\1/)Z7:’+2) K " (13)
oo -, m=n+2,
0, Otherwise.
~ —x2
P:{u:u=e2v, VoePy}, (14)

where Py is Hermite polynomials of Ndegrees.

2.3. Hermite Deep Neural Network

Research has shown that artificial neural networks can effectively solve this type of differential equation. Deep neural networks
are composed of multiple layers with densely connected perceptrons, making them ideal for solving differential equations due to
their simplicity and computational efficiency [8, 12, 16, 19]. The structure of this model is illustrated in Figure 1, which includes
an input layer with nodes xi, X2, ..., X», a flexible hidden layer, and an output layer with a single node.

In this model, the activation function of the hidden layers is based on the Hermite function. However, the values of the weights
can sometimes become very large, which can lead to network instability and cause the weights to overflow, resulting in NaN
values. To solve this problem, orthogonal Hermite functions can be used as activation functions, as their roots prevent this issue.
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Figure 1. This is an illustrative example of using Hermite functions as activation functions in a neural network. The nodes in the input layer are denoted as x;,
and the Hermite functions used as activation functions are denoted as H,(x). The weight vectors from the hidden layers are denoted as wo, ..., Wm, and the
output layer is denoted as y. The network, denoted as N(x, P), utilizes a backpropagation neural network with multiple layers.
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2.4. Solving Blasius equation

This paper proposes a Hermite deep neural network to solve equation (7) with the boundary conditions stated in equation (8).
The Hermite neural network can be used as a mixed method for semi-infinite domains, and is suitable for both infinite and
semi-infinite intervals.

The first step in implementing the Hermite neural network model is to expand its structure, and then the proposed algorithm
can be explained. Hermite neural networks consist of input, output, and hidden layers.

The trial solution of the Hermite neural network model, denoted as (HNN), is written as follows:

yunn(x, W) = A(x) + F(x, N(x, W)), (15)

the function A(x) specifies only the initial/boundary conditions, while N(x, W) is a neural network with inputs x, weights,
and biases, which are represented by W. The output of the Hermite neural network, denoted as yunn(x), satisfies the condition
when N is zero.

The proposed method can be divided into three steps:

e Step 1: Creating a feed-forward neural network and selecting the appropriate activation functions.
e Step 2: Defining the loss function.
e Step 3: Implementing a backpropagation neural network and using an optimized method.

Figure 2 illustrates the steps involved in creating a feed-forward network. The bias input is not emphasized here, as it is a
constant input (usually one) connected to each neuron in the hidden layer by a weight. The only difference between the bias
input and other inputs is that it remains the same as the other inputs change. Similarly, the weights connecting it to the next
layer are updated as well.
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Figure 2. The structure of feed-forward neural network

The feed-forward neural network can be defined as follows:

Z1 Wipo Wpp oo Wi
(1) o 1) X1
22 Wiw Woo W x
7 1 o . (1) 2
3 | = | Wizt Wp3 Wps ) , (16)
Xm
1 1 1
2l Ll we

Z =[z1,22,...z]7 C R" output vector are the inner product of X = [x1, x2, ...xm] C R™ inputs and h; hidden layers.

Zj = W;. X;, (17)
Wi; is the weight matrix. This relationship can also be written for other layers. In this stage, the active function is applied
2 2
%1 Wl(l) W2(1) T Wn(;)
@ @ ... © 7
V2 Wipt Wo Wha 2
Vs W L @ 2
= 13 23 3 , (18)
: : : : S
) ) (2) "
Vi Wik Wao o Wi

The output vector of the desired hidden layer is obtained using the inner product of the combined matrix and input vector, and
this process continues until the output layer is obtained.
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Vie = Wjk.Zj = Wi Wik Xi = Wik . Xi, (19)
NEEEE
n n n
# BT B - N
n n n
Ys | = | Wiz Wog ottt W s (20)
: : : : : v
y wi ow e wy
Finally, the output vector is obtained
Y = Wi Vi = Wijk Wi Xi = Wi . Xi, (21)

Hermite functions are suitable as activation functions for nonlinear problems in semi-infinite intervals because of their proper
convergence. The network output N(x, W), where N : R™ — R, is defined as follows:

NG, W) =S wiH(z), (22)

where wj = [wp, ..., wm]| denotes the weight from the jth hidden layer, z;, =0, .., m is the Hermite collocation point, and
H; = [Ho, ..., Hm] are Hermite functions whose properties are defined in section 2.2. Hermite functions are defined on (—oo, +00),
so domain truncation is used to solve this problem [32].

At this stage, since the output is different from the actual output, we move on to the next stage. The network returns and
recomputes the weights and biases. This change is made in the direction that reduces the amount of error and minimizes the
difference between the predicted output and the actual value. One optimization method used is gradient descent. This algorithm
is used to train a neural network through a method called the chain rule.

This paper considers the supervised version of the back-propagation neural network to minimize the loss function. In contrast
to other neural networks, this method cannot get stuck in a local minimum. Hermite neural networks can be divided into the
following setups: Hermite functions are selected as activation functions using the roots of Hermite functions as training data.”

First, let us consider the boundary value problem

£ (x) + %f(x)fﬂ(x) — 0, xe(0,00). (23)

The loss function is used to evaluate the performance of our Hermite neural networks (HNN) model. The loss function for
m inputs with x;, / =/, ..., m nodes is minimized as follows:

m
" 1 "

. 1
HermiteCost(x,W) = o Z(yH,\,N(x) + §YHNN(X))/H/\/N(X) -Y)?, (24)
i=1

where Y is the exact solution. The kth-derived Hermite functions mappings can be approximated by

8 o8
aN(XV W) = on WjaH(Zj)v (25)
8 T8

To minimize error, the loss function was optimized by gradient descent. The hidden layers of the model include the weights
and biases of each neuron, but the input layer does not.
As a result, the approximating derivatives are defined

OHermiteCost(x,W)

OHermiteCost(x, W) dHermiteCost(x, W)

. 27
Ox; ( Ox ' OXm ) (27)
We conclude the kth derivatives of m that
k b m
—HermiteCost = — HermiteCost). 28
o7 5 (2 ) (28)
The output of the HNN model is as follows:
V¥ HermitCost =Y w,DH"(z), (29)
i=1
where V is a differential operator, D is denoted as the sum of the weights where {w1, .....wm} is the weights. We discussed one

neuron as the general model in the description but for the other neurons, we followed the description.
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3. Numerical results

This section presents numerical results for solving the nonlinear Blasius equation with boundary conditions using Python software
version 3.9.0 and the autograd package of Python. The trial solution for the differential equation (7) with the boundary conditions
(8) has the following form:

Vi (x, W) = (= = x).N(x, W) (30)

X
x+1
This paper reports numerical results using the HNN model and obtains values of f”('r]), f/(n), and f(n) for various m, which
are then compared with other methods. In order to reduce the loss function, we used the gradient descent method. This method
consists of three hidden layers with a total of 21, 23, and 37 neurons.
Table 1 shows a comparison of f”(O) between various methods for solving the Blasius equation

Table 1. The comparison of " (0) with this present method and the various methods

] | Number of layers | This persent method | Parand [34] [ Howarth [14] [ Rafael [35] |
[ f(0) ] [121,2337,1] | 0.332057102 | 0.332057335 [ 0.33206 | 0.33206 |

Shown below are the approximations of yynn(x, W) for the Blasius equation obtained by the Hermite functions neural network
and a comparison with other methods. Tables 2, 3, and 4 present the resulting values of £(n), f (1), and f () using this method
and other methods.

Table 2. The Comparison of f(n) for various 1 between the Hermite neural network and some other methods

l n \ The present method \ Parand [34] \ Howarth [14] \ Rafael[35] \ Relative Error

1.0 0.16541105 0.1655731 0.16557 0.16557 9.60E-04
2.0 0.64967773 0.6500351 0.65002 0.65003 5.42E-04
3.0 1.39647618 1.3968254 1.39681 1.39682 2.46E-04
4.0 2.30574561 2.3057619 2.30575 2.30576 6.24E-06
5.0 3.28384346 3.2832913 3.28327 3.28330 1.66E-04
6.0 4.28098773 4.2796473 4.27962 4.27965 3.13E-04

Table 3. Resulting values f'('r]) for the present method with the other methods

l n \ The present method \ Parand [34] \ Howarth [14] \ Rafael[35] \ Relative Error

1.0 0.329566712 0.3297956 0.32979 0.32978 6.47E-04
2.0 0.629571785 0.6297737 0.62977 0.62977 3.15E-04
3.0 0.846109525 0.8460586 0.84605 0.84605 7.04E-05
4.0 0.956103098 0.9555253 0.95552 0.95552 6.10E-04
5.0 0.992407319 0.9915583 0.99155 0.99155 8.65E-04
6.0 0.999894820 0.9989882 0.99898 0.99898 9.16E-04

Table 4. Comparison of f”(n) between the present method and the other numerical methods

| m [ The present method | Parand [34] [ Howarth [14] [ Rafael[35] | Relative Error

0.0 0.332057102 0.332057335 0.33206 0.33206 8.73E-06
1.0 0.322884293 0.3230174 0.32301 0.32301 3.89E-04
2.0 0.266958108 0.2667514 0.26675 0.26675 7.80E-04
3.0 0.161256399 0.1613615 0.16136 0.16136 6.42E-04
4.0 0.063990964 0.0642426 0.06424 0.06423 3.72E-03
5.0 0.016547122 0.0159142 0.01591 0.01591 4.00E-02
6.0 0.003129914 0.0024067 0.00240 0.00240 3.04E-01

The Blasius graph obtained by approximating f(n) and f'(n) using the present method is shown in Fig. 3. It can be seen that

the graph tends to zero as 7 increases.

We plot the logarithmic graph of the relative error f”(n) for various 7 in the solution of the Blasius equation in Fig 4.
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Figure 4. Plot of the logarithmic of the relative error f”(n) for various n by Hermite neural network

Table 5 shows the numerical results for f”('r)) when n = 0 for the present method and the Physics-informed neural networks
(PINN) [37] with varying numbers of layers. Figure 5 illustrates the accuracy of this method for solving f”('r)) when n = 0. The
absolute error for the various layers is shown on the left side, while the right graph shows the absolute error versus solution
time. The present method is compared with the PINN model for solving this problem, and the results are shown in Figure 5.
The PINN model uses Hyperbolic Tangent as an activation function, which can lead to the problem of Vanishing Gradient. This
occurs when the derivative becomes very small for very large or very small values of x, making it difficult for the network to be
trained.

Table 5. The numerical results for f”(n) when n = 0 by Hermite neural network

| 7o) |
The number of layers | The present method PINN Parand [34]
[1,19,1] 0.331062275 0.320283547 | 0.332057335
[1,21,23] 0.332203264 0.330709275 | 0.332057335
[1,21,23,27] 0.332057102 0.332389979 | 0.332057335

According to Figure 5, as the number of layers increases, the absolute error decreases, and the solution becomes closer to
the ideal state. The plots show that the time order of the absolute error is exponential. The implementation algorithm has a
time order that is polynomial in the degree, determined by the number of hidden layers.
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Figure 5. The plot on the left shows the absolute error of the present method and the PINN model versus the number of layers for f”(n) when n = 0. The plot
on the right shows the absolute error of this method versus solution time (in minutes) for f”(n) when n = 0.

4. Conclusion

Spectral methods make it possible to increase the convergence and accuracy of a problem, and by using machine learning
methods, it is possible to predict the state of the system in the future. By combining these two methods, not only can we obtain
reasonably convergent results, but we can also describe the future state of the output system.

In this paper, we applied the orthogonal neural network approach to solve the Blasius equation. The accuracy of the present
method is desirable. Our scheme is based on a Hermite neural network with domain truncation to semi-infinite intervals. The
Adam algorithm was used for training the neural network, with the hidden layer consisting of the weights and Hermite functions
as activation functions. Finally, we proposed numerical results and compared them with other methods for this problem. Table 1
shows that our convergence rate is better than other methods. The resulting values of f(n), f (1), and ' (n) are presented in
Tables 2, 3, and 4. Additionally, the values of f(n) and fl(n) when 17 = 0 are shown in Figure 3. The logarithmic relative error
of the proposed method is plotted in Figure 4. The complexity of this model is evaluated to be O(n®).

The advantage of this method is that it avoids overflow of training and testing data by using roots of Hermite functions, and
it also avoids getting stuck in local minimum.
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