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Abstract. In this paper, we show that injectivity with respect to the class
D of dense monomorphisms of an idempotent and weakly hereditary closure
operator of an arbitrary category well-behaves. Indeed, if M is a subclass
of monomorphisms, M N D-injectivity well-behaves. We also introduce the
notion of (r,t)-injectivity in the category S-Act, where r and ¢t are Hoehnke
radicals, and discuss whether this kind of injectivity well-behaves.

1 Introduction and preliminaries

Various generalizations of injectivity have been studied in various cate-
gories for their own and also tightly related notions such as purity, com-
plete Boolean algebras (in the category of distributive lattices), essential
monomorphisms, exponentiability, etc, see [2, 3, 12, 13, 18, 19, 21]. M-
injectivity, for which M is a subclass of morphisms, is one of these gen-
eralizations which has been captured the interest of many mathematicians
in different fields, [3, 11, 12, 21]. Here we concentrate on another gener-
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alization of injectivity, that is, (M, E)-injectivity, which is also studied in
different branches of mathematics, see for example [20]. Indeed, given two
arbitrary classes of morphisms M and &£ in a category C, we say that an
object @ is (M, E)-injective if any E-morphism f: A — @ can be extended
through every M-morphism m : A — B. More explicitly, Q is (M, E)-
injective if for every f: A — @ in £ and every m : A — B in M, there
exists a morphism f : B — @ such that fm = f. When & is the class of all
morphisms the notions of M-injectivity and (M, &)-injectivity coincide.

Here, we focus on a special kind of (M, &)-injectivity, that is, (r,t)-
injectivity, in the category S-Act, where r and t are Hoehnke radicals.
Specially, we show that for some Hoehnke radicals r and ¢, the notion of
(r,t)-injectivity well-behaves.

Recall from [3] that the notion of M-injectivity well-behaves if every
object has an M-injective hull Ey((A) which is both maximal M-essential
extension and minimal M-injective extension of A, and every M-injective
object is M-absolute retract and has no proper M-essential extension.

In this paper, we first show that the notion of M N D-injectivity well-
behaves in a category C when M is a subclass of monomorphisms and D is
the class of dense monomorphisms of an idempotent and weakly hereditary
closure operator of the category C. Then, in Sections 3 and 4, we investigate
a special type of (M, £)-injectivity in the category S-Act which is related to
Hoehnke radicals r and ¢, that is, (r,t)-injectivity. In fact (r,t)-injectivity in
S-Act is the counterpart of the notion of (p, o)-injectivity in which p and o
are radicals, in the category R-Mod of R-modules [4, 5, 16, 19]. Eventually,
in Section 5, using the given criterion in Section 2 and employing t-subacts
defined in Section 4, we show that for some Hoehnke radicals r and ¢, (r,t)-
injectivity well-behaves.

Now let us briefly recall some necessary notions needed in this paper.

An S-act A over a monoid S is a set A together with an action (s,a) —
sa, for a € A, s € S, subject to the rules s(ta) = (st)a and la = a, where 1
is the identity element of the monoid S, a € A and s,t € S. We will work
in the category of all S-acts and all homomorphisms f : A — B, defined by
f(sa) =sf(a), for all a € A and s € S. An element z of an S-act A is said
to be a zero if sz = z, for all s € S. Also, we say that an S-act A is trivial
if [A] <1.

An equivalence relation x on an S-act A is called a congruence on A if
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axa’ implies (sa)x(sa’), for all s € S. We denote the set of all congruences
on A by Con(A), which forms a lattice, see [6]. In the lattice Con(A) there
is the smallest congruence, the diagonal relation Ay = {(a,a)|a € A}, and
the largest congruence, the total relation V4 = {(a,b)| a,b € A}.

Every congruence y € Con(A) determines a partition of A into x-classes
and a set X, of those y-classes each of which is a nontrivial subact of A.
Of course, 3, may be empty. Throughout this paper, we use the general
Rees congruence introduced in [22]; that is, in a general Rees congruence
the classes are either subacts or consist of one element. Also, every set
> of disjoint nontrivial subacts of an S-act A determines a general Rees
congruence px; given by

a,be B for some B € X

(a,6) € px = {a =0 otherwise.

We call py, the general Rees congruence generated by ¥ on A and A/ps,
the general Rees factor of A over py (or for short, the general Rees factor).
It is worth noting that in the case ¥ = {B} the general Rees congruence and
Rees congruence coincide. In this case, we use the notations pp and A/B
instead of py, and A/psx;, respectively. For every Congruence x € Con(A) and
a homomorphism f : A — B, we define f(x) := {(f(a), f(d)) | (a,a’) € x}.

Note 1.1. A congruence xp on a subact B of an S-act A can be extended
to a congruence on A. There is always the smallest extension x4 of xp on
A given by

(a7 b) € XB

a,b) € —
(a,0) € xa {a = b, otherwise.

Therefore we may consider each congruence xp € Con(B) as a congruence
in Con(A) by identifying xp and x4. In particular, Vp can be considered
as the generated Rees congruence by B, pp € Con(A) .

In this paper whenever talking about a subclass C of S-acts, we assume
that C is closed under taking isomorphic copies and C contains all trivial
subacts. In the sequel we frequently use the notion of closedness of a subclass
C of S-acts under a special property, such as homomorphic images, congru-
ence extensions, general Rees extensions, subacts, products, coproducts, and
inductive property defined in [22].
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Although the radical notion for S-acts was introduced and investigated
by R. Wiegandt [22], but, in order to employ this notion in S-Act, it seems
necessary to define the radical in a more general manner. Here we reform the
definition of Hoehnke radical given in [22] by the category theoretical view of
radicals given in [7] and recall from [14] the following definition of Hoehnke
radical in S-Act, which may also be called a normal Hoehnke radical.

Definition 1.2. A normal Hoehnke radical (or simply a Hoehnke radical)
is an assignment r : A — r(A), assigning to each S-act A a congruence
r(A) € Con(A) in such a way that

(i) r is functorial, that is, every homomorphism f : A — B induces the
natural homomorphism f : A/r(A) — B/r(B) or equivantly f induces the
homomorphism f(r) : r(A) — r(B) assigning each pair (a,a’) € r(A4) to
(f(a), f(a")) € r(B). Note that r(A) and r(B) are, respectively, subacts of
A x A and B x B, since r(A) € Con(A),r(B) € Con(B), and

(i) 7(A/r(A4)) = Aa/r(a)-

With every Hoehnke radical r, one can associate two classes of S-acts,
namely radical class R, and semisimple class S;, as follows:

R, ={A|r(4) =Va},
Sp ={A[r(A) = Aa}.

The class R, is called the radical class of r (or r-radical class) and its
members are called r-radical S-acts, and the class S, is called the semisimple
class of v (or r-semisimple class) and its members are called r-semisimple
S-acts.

Definition 1.3. A Hoehnke radical r of S-acts is called a Kurosh-Amitsur
radical if

(i) r(A) is a general Rees congruence, for all S-acts A, and

(ii) for every subact-r(A)-class B, r(B) = Vp.

We recall, from [22], that a subclass S of S-acts is a semisimple class of
a Kurosh-Amitsur radical r if and only if

1. S is closed under taking subacts,

2. S is closed under taking products,
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3. S is closed under taking congruence extensions.

Also, a subclass R of S-acts is a Kurosh-Amitsur radical class of a radical
r if and only if

1. R is homomorphically closed,
2. R has the inductive property,
3. R is closed under general Rees extensions.

Let us now define some radicals endowed with a certain property which
is used in the sequel.

Definition 1.4. A radical r is said to be

(i) hereditary if for every S-act A and every subact B of A, r(B) =
T(A) ANV p,

(ii) pre-hereditary if for every S-act Aand Y < X € ¥, (4), Y € R,

(iii) weakly-hereditary if, for every S-act A with a zero element 6 and
X eX, g witho € X, X € R,

(iv) zero-hereditary if, for every S-act A with a zero element 6 and Y <
XeX,qywithoeY, Y eR,,

(v) pre-Kurosh if, for every S-act A and X € ¥,(4), X € R;.

Also, we recall from [9] that a closure operator C of the category C with
respect to the class M of subobjects is a family C' = (Cx)xec of maps

Cx : M/X — M/X
(m : M—)X) ~ (Cx(m) : Cx(M) —)X),

for every m € M, such that for every X € C
(Extension) m < Cx(m), for all m € M/X,
(Monotonicity) if m <m’ in M/X | then Cx(m) < Cx(m’),

(Continuity) f(Cx(m)) < Cy(f(m)), forall f: X — Y in C and m €
M/X.
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For every M-subobject m : M — X we have the following commutative
diagram.

M In . Ox(M)
X

A closure operator C' is called weakly hereditary if Cx(m) = Ceoy (ary(m),
for every M-subobject m : M — X. Also, a closure operator C is called
idempotent if C'x(m) = Cx(Cx(m)) for every M-subobject m : M — X.

An M-subobject m : A — X of an object X is said to be C-closed
if Cx(m) = m and it is said to be C-dense if Cx(m) is an isomorphism.
An M-morphism m : B — A is said C-dense monomorphism if m(B) is
C-dense in A.

The readers may consult [1, 6, 17| for general facts about category theory
and universal algebra used in this paper. Here we also follow the notations
and terminologies used there.

2 Injectivity relative to dense monomorphisms of a closure
operator

Consider a subclass M of monomorphisms in a category C such that every
object A in C has the M-injective hull (m4; Eaq(A)). Also let C' = (Cx)xec
be a weakly hereditary and idempotent closure operator with respect to the
class of monomorphisms and D be the class of C-dense monomorphisms. In
this section, a monomorphism in M N D is called MD-monomorphism and
it is shown that injectivity with respect to the MD-monomorphisms, the so
called MD-injectivity, well-behaves. To do so, we begin with the following
definition.

Definition 2.1. An object @ in the category C is said to be MD-injective
if for every MD-monomorphism m : B — A and any morphism f: B — @
there exists a morphism f : A — Q extending f, that is f completes the
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following commutative triangle.

Lemma 2.2. Let A be an object in the category C and m : X — Y be an
MD-monomorphism. Then, for any morphism f : X — A, there exists
a morphism f 1Y — CEp(a)(A) which commutes the following square, in
which En(A) is the M-injective hull.

X m Y
fi if—
A ———Cp )

Proof. Given a morphism f : X — A and an MD-monomorphism m :
X — Y, the following commutative square follows from the M-injectivity
of Expq(A), in which f/: Y — Ea(A) extends ma o f through m.

X —= Y

S

But, by Diagonalization Lemma (see 2.4 in [9]) and the C-density of m,
there is a uniquely determined morphism f : Y — Cg,,(a)(A) rendering the
following diagram and we are done.

X uu Y
/
! Cpp(a)(A) f
/ Crpq(a)(ma)
A - Ea(A)
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Recall the following types of essential extensions usually used in the
literature.

Definition 2.3. Given a subclass M of monomorphisms, an
M-monomorphism m : M — X will be called:

(i) Mo, -essential if f om € M implies f € M, for every morphism f.

(ii) Me,-essential if f o m being monomorphism implies that f is a
monomorphism.

(iii) Me,-essential if f om € M implies that f is a monomorphism, for
every morphism f.

Notation 2.4. We denote the class of M,,-essential monomorphisms by
M, for i € {1,2,3}.

Definition 2.5. An (MD),-injective hull of an object A, i = 1,2, 3, is a pair
(ma, E(mp),, (A)) consisting of an MD-injective object E(rp),, (A) and an
(MD)e,-essential monomorphism ma : A = Emp),, (A), for i = 1,2,3.
Proposition 2.6. Let A be an object in the category C and i € {1,2,3}.
Then (jmy, Crya)(A)) is the (MD)e,-injective hull of A, if M, is left
cancelable for monomorphisms, that is nm € Mg, implies m € Mg, when
n and m are monomorphisms.

Proof. Since C'is an idempotent closure operator, Cp,,(4)(A) is an MD-
injective object, by Lemma 2.2. So to prove, we show that j,, : A —
CEu(a)(A) is an (MD),-essential monomorphism where m4 is an M,,-
essential monomorphism.

Jm
A < CEp(a)(4)
k A%)(WA)
Em(A)

Indeed, by the weakly heredity of the closure operator C, jy,, is a C-dense
monomorphism and if j,, , o f is a C-dense monomorphism, then f is C-dense
monomorphism, for every morphism f, see Section 2.3 of [9]. Also, since M?,
is left cancelable for monomorphisms, the M., -essentially of m 4 implies that
Jma is an M,,-essential monomorphism. So, ji, : A = Cg,,(4)(4) is an
(MD),,-essential monomorphism. O
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Corollary 2.7. If the class Mg, is left cancellable for monomorphisms,
then (jmas Cgpa)(A)) is the minimal MD-injective extension of A and
the mazimal (MD).,-essential extension of A, for every object A € C and
i€ {1,2,3}.

Proof. The result easily follows from the following commutative triangles in
which (g, Q) is an MD-injective extension of A and (m, M) is an (MD),-
essential extension of A.

oy

— Cpga)(4)

J L

O
With Lemma 2.7 of [11] in mind, we also have the following corollary.

Corollary 2.8. Let the class Mg, be left cancellable for monomorphisms.
Then the following conditions are equivalent, for any object A and i €
{1,2,3}.

(1) A is MD-injective.
(2) A is MD-absolute retract.
(3) A has no proper (MD),,-essential extension.

Proof. (1) < (2), immediately, follows from Lemma 2.7 of [11] and (1) < (3)
follows from Proposition 2.6 and Corollary 2.7. O

Based on the results and discussions presented in this section, we have
the following conclusions.

Corollary 2.9. Let M be a subclass of monomorphisms in a category C such
that the category C has enough M-injective hull and M, is left cancellable
for monomorphisms, where i € {1,2,3}. Also, let C' be an idempotent and
weakly hereditary closure operator with respect to the class of monomor-
phisms. Then the notion of MD-injectivity well-behaves.

Moreover, if the category C has enough injective hull and M can be ex-
tended to the class of dense monomorphisms of an idempotent and weakly
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hereditary closure operator with respect to the class of monomorphisms, then
the notion of M-injectivity well-behaves.

Proof. The result, immediately, follows from Proposition 2.6 and corollar-
ies 2.7 and 2.8. Moreover, If M can be extended to the class of dense
monomorphisms of an idempotent and weakly hereditary closure operator
C, then M = M N 7D in which D is the class of C-dense monomorphisms.
That is, M coincides with the class MD-monomorphisms. O

Example 2.10. In the categories R-mod and S-Act, the class of essential
monomorphisms is left cancellable for monomorphisms. So, by the above
corollary, we have the following examples.

(1) Given an idempotent radical r over the category R-mod, the closure
operator ¢" defined by ¢},(N) = 7= (r(M/N), for every N < M € R-mod
and the canonical epimorphism 7 : M — M/N, is both weakly hereditary
and idempotent, see Chapter 3 of [9]. So r-injectivity in the category R-
mod well-behaves and CZE( M))(M ) is the r-injective hull of an R-module M
when E(M) is the injective hull of M, see [§].

(2) Given a weakly hereditary Hoehnke radical r over the category S-
Act, the closure operator ¢ defined by ¢y (B) = 7~ (r([Bl,(a/p)), for every
B < A € S-Act and the canonical epimorphism 7= : A — A/B, is both
weakly hereditary and idempotent, see [15]. So, r-injectivity is well-behavior
and ¢{p 4 (A) is the r-injective hull of an S-act A when E(A) is the injective
hull of A.

(3) Take CP to be the closure operator defined by

CP(A)={beB|3a€c A py,=pa}

in which p; : § — A is defined by p.(s) = sz, for each s € S. In [10], it is
shown that CP is both idempotent and weakly hereditary. So, for an S-act
A, C?E(A))(A) is the CP-injective hull of A.

We end this section with giving a criterion for the left cancellability of
M, for monomorphisms, for i € {1,2,3}.

Definition 2.11. Let M be a subclass of monomorphisms of a category
C which has pushouts. We say that pushouts transfer M-monomorphisms
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whenever, for the pushout diagram

x—tovy
g

Z*k>W

>

with f € M, we have k € M.

Theorem 2.12. Let a category C have pushouts and M be a subclass of
monomorphisms.  Then Mg s left cancellable for monomorphisms, for
i € {1,2,3}, if M is right cancellable for monomorphisms, closed under
composition and pushouts transfer M-monomorphisms.

Proof. Let f and g be monomorphisms with m = gf € M . We show that
f is M., -essential monomorphism. To do so, let ~ be a morphism such that
hf is M-monomorphism. Taking the pushout of g, h we get morphisms p, ¢
with pg = qh.

A*f>X*h> Y

o

zZ-Yow

But since m = ¢gf is an M-monomorphism, the right cancellability of M
implies g and consequently ¢ are M-monomorphisms. So ghf is an M-
monomorphism, by the closedness of M under composition. Thus pgf = pm
is an M-monomorphism. Now, we can infer from the M., -essentially of m
that p is an M-monomorphism. Hence the closedness of M under composi-
tion implies that pg = ¢h is an M-monomorphism. So A is a monomorphism.
Therefore, since M is right cancellable for monomorphisms, h € M follows
from hf € M. The left cancellability of M7, and M3, are proved completely
analogues. O

3 (r,t)-injectivity

In this section, we introduce the notion of (r,t)-injectivity, with respect to
two Hoehnke radicals r and t over the category S-Act, similar to what
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Beachy defined for R-modules in [4]. We also give some characterization of
the notion of (r,t)-injectivity.

Given a Hoehnke radical r, a subact B of an S-act A is said to be r-
dense if A/B € R,. Similarly, a congruence x on A is said to be r-dense if
A/x € R,. A monomorphism ¢ : B — A is said r-monomorphism if «(B)
is r-dense in A.

Definition 3.1. Let r and ¢ be two Hoehnke radicals over S-Act.

(i) A pair (m : B — A,e : B — () of homomorphisms is said to
be (r,t)-pair if m is an r-monomorphism with the non-empty domain and
m(ker(e)) U A4 is a t-dense congruence on A.

(i) An S-act @ is said to be (7 t)-injective if every (r,t)-pair
(m: B — A/ f: B — @) can be completed to the following commuta-
tive triangle.

B-—"s A

Theorem 3.2. Let r and t be two Hoehnke radicals. Then a subact P of an
(r,t)-injective S-act Q is (r,t)-injective if Q/P € S,.

Proof. Suppose Q/P € S, and consider the commutative diagram

B—"s

f

i
‘_
Y
P——sqQ
in which (m, f) is an (r,t)-pair. Then the homomorphism f’: A/m(B) —
Q/P defined by a/m(B) — f(a)/P arises. Now since A/m(B) € R, and
R, is closed under homomorphic images, f'(A/m(B)) € R,. Also, we have
Q/P € S,. So the closedness of S, under subacts implies that f'(4/m(B)) €
S, and therefore f'(A/m(B)) € S, NR,. But S, N R, consists of the trivial
S-acts, so f’ is a zero homomorphism. The commutativity of the above
square ensures that f(A) C P. That is, f is an extension of f from A to P,
and we are done. O
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It is worth noting that injectivity of @ relative to the (r,t)-pairs of the
form (Ag < A, f : Ap — Q), implies injectivity of @ relative to all (r,t)-
pairs. Indeed, for every (r,t)-pair (m : B — A, f : B — @), considering
the following commutative diagram, one can define f’' : m(B) — @, by
f'(m(b)) = f(b), for every b € B, and extend f’ to f through the inclusion
map. Hence f is extended to f through m.

In the following theorem, we use the above fact and give an analogous
Skornjakov criterion for (r,t)-injective S-acts when r is zero-hereditary.

Theorem 3.3 (Skornjakov). Let r be a zero-hereditary Hoehnke radical and
t be a hereditary Hoehnke radical over S-Act. Also, let Q be an S-act with a
zero element 0. Then Q is (r,t)-injective if and only if, for every (r,t)-pair

(Ag—= A, f: Ay — Q) in which A is a cyclic S-act, there exists [ : A — Q
in such a way that f|a, = f.

Proof. For the nontrivial way, we follow the standard proof of Skornjakov
theorem and show that, for every (r,t)-pair (B — A, f: B — @), f can be
extended to A. So we take the poset

T={h:C—-Q|B<C<A, and hlp = f}
together with the partial order
h1 < hy & Dom(hl) < Dom(hg) and hQ‘Dom(hl) = hy.

We should note that, for every h : C — @ in T, since B < C < A and
B is r-dense in A, C is so. Also ker(h) U Ay is a t-dense congruence on
A, for every h € T', because A/(ker(h) U Ay) is the homomorphic image of
A/(ker(f)UA4) and Ry is homomorphically closed. Also one can easily see
that every ascending chain {h; : C; — Q}icr of (T, <) has the upper bound
h:U;c; Ci = @ in which h(x) = h;(x); where 2 € Dom(h;). Hence T has a
maximal element such as h : A1 — Q, by Zorn’s Lemma. Now we show that
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A = A;. To do so, suppose on the contrary that A; < A. Then there exists
a € A\ Ay for which we define D = A; N Sa. If D =), then

fi A — Q

h(a) ae€ Ay
a —
0 aEA\Al

is an extension of f which commutes the following diagram which is a con-

tradiction:
B—s A

If D # 0, then D is an r-dense subact of Sa because the kernel of a ho-
momorphism k : Sa — A/A; defined by k(sa) = sa/A; is pp. So, by
Homomorphism Theorem for S-acts, Sa/D is isomorphic to a subact H of
A/A;. Now, since r is a zero-hereditary Hoehnke radical and H is a subact
with a zero element of the r-radical S-act A/A;, we have r(H) = V. That
is r(Sa/D) = Vgq/p. Also, by taking g = h|p : D — @, ker(g) UAg, is a
t-dense congruence on Sa. Indeed, ker(g) = ker(h)NVp = ker(h)NVg, and
Sa/(ker(g) U Ag,) is isomorphic to a subact H' of A/(ker(h) U Ay). Now,
since ker(h) N A4 is t-dense on A, A/(ker(h) U Ay) is t-radical and hence
the heredity of ¢ implies that Sa/(ker(g) U Ag,) is t-radical which proves
that ker(g) U Ag, is t-dense on Sa. Therefore, our assumption implies the
existence of an extension g : Sa — @ of g. Thus this means that

h: AiUSa — Q

h(z) xeA
x —
sgla) x=sa€Sa

is an extension of h and it contradicts the maximality of h. So A; = A and
we are done. O

Definition 3.4. Let r be a Hoehnke radical and A € S-Act. Then an S-act
Q is said to be A-injective if each homomorphism f : B — @, in which B is
a non-empty subact of A, can be extended to A. Also, an S-act @ is said
to be (r, A)-injective if each homomorphism f : B — @, in which B is a
non-empty r-dense subact of A, can be extended to A.



(r,t)-injectivity in the category S-Act 183

Lemma 3.5. Let r be a Hoehnke radical and A be an r-radical S-act. Then
an S-act Q is (r, A)-injective if and only if Q is an A-injective S-act.

Proof. The result follows from the fact that every subact of an r-radical
S-act A is r-dense in A. O

Theorem 3.6. Let r be a Hoehnke radical and A € S-Act. Then the
following conditions are equivalent:

(1) An S-act Q is (r, A)-injective.

(2) If f71YQ)={ae A f(a) € Q} is r-dense in A, for a homomor-
phism f : A — E.(Q), then there exists a homomorphism f : A — Q such
that

(f7HQ) =) = Eq(f: A= E(Q). [ : A= Q = Ex(Q)).

Proof. (1) = (2) Let f : A — E.(Q) be a homomorphism such that f~(Q)
is an r-dense subact of A. Then f|f_1(Q) can be extended to f: A — Q. So
Proposition 2.2.10 of [17] implies that i : f~1(Q) — A is an equalizer of f
and f.

(2) = (1) Let B be an r-dense subact of A and f : B — @ be a
homomorphism. Then there exists an extension f’ : A — E.(Q) of f. So,
since B is an r-dense subact of A and B < f'~1(Q), f~%(Q) is an r-dense
subact of A. Hence, by hypothesis, there exists f : A — Q such that the
inclusion map f'~1(Q) < A is an equalizer of f’ and f. Therefore f|g = f
and we are done. O

Theorem 3.7. Given a hereditary Hoehnke radical v, if f : A — E.(Q) is
a homomorphism with ker(f) < ps-1(q), then Q) is an r-dense subact
of A.

Proof. Let f : A — ET(Q) be a homomorphism with ker(f) < ps-1(@)- Then
the map 11+ A/(Q) — E(Q)/Q defined by m(a/J Q) = J()/Q is
a monomorphism. So, the heredity of r implies that A/f~1(Q) € R, and we
are done. O

Theorem 3.8. Let r and t be two Hoehnke radicals over S-Act. An S-act
Q s (r,t)-injective if and only if Q is (r, A)-injective, for every A € Ry.

Proof. The necessity, immediately follows from the fact that every congru-
ence on a t-radical S-act is t-dense. To prove the sufficiency, suppose @ is



184 M. Haddadi and S.M.N. Sheykholislami

(r, A)-injective S-act for every A € R;. Also, assume (By — B,g: By — Q)
is an (r,t)-pair. Then the ¢-density of ker(g) U Ap on B implies that
B/(ker(g) U Ap) € Ry and so the homomorphism ¢’ : By/ker(g) — Q
defined by ¢'(b/ ker(g)) = g(b), for every b € By, can be extended to a ho-
momorphism ¢’ : B/(ker(g) U Ap) — Q, by hypothesis. Now, One can
easily cheek the map g : B — @Q defined by g(b) = ¢'(b/(ker(g) U Ap)) is an
extension of g. Therefore @ is (r,t)-injective. O

4 (r,t)-injectivity and t¢-subacts

In this section, we introduce a class of subacts which play a considerable
role in (7, t)-injectivity.

Definition 4.1. Given an S-act A, the union of all r-radical subacts of A
is said to be r-subact of A and is denoted by R';.

Theorem 4.2. Let r and t be two Hoehnke radicals and Q be an (r,t)-
injective S-act. Then, for every (r,t)-pair (m : B — A, f : B — Q), the
image of every extension of f through m is a subact of RE)’ Moreover, RE)
is an (r,t)-injective S-act.

Proof. Let f : A — @ be an extension of f through m, for a given (r, t)-pair
(m:B—= A, f: A= Q), ((r,t)-injectivity of @ ensures the existence of f).

B s A

1,7

Q

Since m(ker(f)) C ker(f), A/ker(f) is the homomorphic image of
A/(m(ker(f) U As) € R;. Now the closedness of Ry under homomorphic
images implies A/ ker(f) € R;. Thus f(A) = A/ ker(f) < Rp,.

Moreover, since every (r,t)-pair (m : B — A, f : A — RtQ) can be
considered as an (r,t)-pair (m: B — A, f : A — Q), RtQ is (r,t)-injective
and we are done. O

Theorem 4.3. Given two Hoehnke radicals r and t over S-Act, a t-
semisimple S-act A is (r,t)-injective if E.(A) is a t-semisimple S-act.
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Proof. To prove, we show that, for every (r,t)-pair (m: X - Y, f: X —
A), f is a zero homomorphism. Indeed, the r-injectivity of E,.(A) implies
that the following commutative diagram is completed by a homomorphism
1Y = E.(A):

X2 .y
|
A= E,.(A)

Also, by Theorem 4.2, the homomorphic image of Y under f’ is a subact
of RfET(A) and, by hypothesis, RtET(A) is a trivial S-act. So f’ is a zero
homomorphism. Hence f is a zero homomorphism and we are done. O

We recall, from Theorem 7.4 of [15], that a Kurosh-Amitsur radical r is
hereditary if and only if R, is closed under r-injective hulls. So, Theorem
4.3 implies the following corollary.

Corollary 4.4. Given two Hoehnke radicals r and t, if t is a hereditary
Kurosh-Amitsur radical, then every t-semisimple S-act is (r,t)-injective.

Theorem 4.5. Let r be a hereditary Hoehnke radical and t be a pre-Kurosh
radical. Then the following conditions are equivalent, for an S-act Q:
(1) The S-act Q is (r,t)-injective.
(2) For every A € ¥y, (q)), we have A < Q.
(3) Et(@ Zi(En(@)-
(4) R RQ.
(5) Each homomorphzsm f: B — Q can be extended to a homomorphism
f:A—Q, for every S-act A with A = B U (AORET( )).

Proof. (1) = (2) First we note that, since @ is large in F,(Q), by Lemma
L.15 of [17], pg N pa # Apg, (@) and hence AN Q is nonempty, for every
A € Xyp,(q))- Also, since every congruence x on A can be extended to a
congruence y on E,.(Q), see Note 1.1, the largeness of @ in E,(Q) implies
pQ NX # Ag, (). Hence there exist a # b € A such that (a,b) € pg N X.
Therefore, by definition of x, (a,b) € x N pang. That is, by Lemma 1.15
of [17], @ N A is large in A. Now the heredity of r and the r-density of
Q@ in E,(Q) implies that A/(Q N A) € R,. So, the pair of inclusion maps
(L1:QNA—A:QNA— Q) isan (r,t)-pair. Hence the existence of a
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homomorphism i : A — @ with i 0 ¢; = g follows from the (r,t)-injectivity
of Q. But, since Q N A is large in A and 1o is a monomorphism, i is a
monomorphism. So there exists a subact A’ of @ such that A’ = A and
QN A < A'. Hence the closedness of R; under homomorphic images implies
that there is B € Yy, (g)) with A’ < B. But Yi(E,()) 18 a set of disjoint
subacts of E,(Q). Therefore A’ = B = A. That is A < Q.

(2) = (3) First we show that Xy, (g)) € Xyq). To do so, let A €
Y4B, (@) Then A < @, by hypothesis. Also since ¢ is a pre-Kurosh radical,
we have A € R;. So, there exists A’ € Y@y such that A < A’. Thus
A" is a t-radical S-act. Hence A’ < @ < E,(Q) implies that there exists
A" € Yy ) such that A" < A”. But ¥yp, (@)) is a set of disjoint subacts of
E.(Q), so we have A’ = A” = A. By an analogous argument, one can prove
24@) & Zu(E:(Q)-

(3) = (4) Since t is a pre-Kurosh radical, ;) = Xy, (@)) immediately
implies that RtET Q = RE}'

(4) = (5) Let A = BU(AHR%T(A)) and f : B — @ be a homomorphism.
Then there exists a homomorphism f’ : F,.(A) — FE,(Q) which commutes
the following square:

A= E,(A)

So, we have

in which the equation (x) follows from the hypothesis. Hence f'|4: A — Q
is an extension of f and we are done.

(5) = (1) Let f: B — @ be a homomorphism and m : B — A be an
r-monomorphism with A € R;. Then A = m(B)U (AN RET ( A)) follows from
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77}(B) <AL RfEr( A).iNow using the hypothesis, one can get an extension
f:A—= Q of fwith fm = f and we are done. O

The converse of Theorem 4.3, for hereditary Hoehnke radical r and
Kurosh-Amitsur radical ¢, follows from of the above theorem.

Theorem 4.6. Let r be a hereditary Hoehnke radical and t be a Kurosh-
Amitsur radical. Then a t-semisimple S-act A is (r,t)-injective if and only
if E.(A) is a t-semisimple S-act.

Proof. One way is Theorem 4.3. For the converse, let A be (r,t)-injective.
Then, by Theorem 4.5, ¥;(4) = ¥y, (4))- But A is t-semisimple and so it
does not contain any nontrivial ¢-radical subact. Hence Xy g, (4)) = Zya) =
(), which means, E,.(A) is a t-semisimple S-act.

Theorem 4.7. Let r be a Hoehnke radical and t be a Kurosh-Amitsur radical
over S-Act. Then the following conditions are equivalent.

(1) The Hoehnke radical t is hereditary.

(2) The r-injective hull E,(A) is t-semisimple if and only if A is a t-
semisimple S-act.

(3) Every A € Sy is (r,t)-injective.

(4) The Hoehnke radical t is pre-hereditary.

Proof. (1) = (2), In Theorem 7.4 from [15] we have shown that a Kurosh-
Amitsur radical ¢ is hereditary if and only if S; is closed under injective hulls.
Here, since S; is closed under subacts and, for every S-act A, E,.(A) < E(A),
S; is closed under r-injective hulls.

(2) = (3) follows from Theorem 4.3.

(3) = (4) Given an S-act B and Y < X € ¥, (p), we prove that Y is a
t-radical S-act. Indeed, Y/t(Y) is an (r, t)-injective S-act, by hypothesis. So
there exists a homomorphism 7 : X — Y/¢(Y) which commutes the following
triangle, in which 7 : Y — Y/¢(Y) is the canonical homomorphism.

Ye——X

-
7
s 7T
7
4

Y/i(Y)
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But, since ¢ is a Kurosh-Amitsur radical, X € R;. So Y/t(Y) € S; implies
that 7 is a zero homomorphism and hence 7 is a zero homomorphism. That
is, Y/t(Y) is a trivial S-act, or equivalently Y € R; and we are done.

(4) = (1) It is straightforward to check, see Figure 1 of [15]. O

5 Well-behavedness of (r,t)-injectivity

We begin this section with the following criterion for (r,t)-injectivity. Then,
we investigate product and coproduct of (r,t)-injective S-acts. Finally, we
prove that for a hereditary Hoehnke radical r and a pre-Kurosh radical t,
(r, t)-injectivity is well-behavior.

Theorem 5.1. Let r be a zero-hereditary Hoehnke radical and t be a heredi-
tary Hoehnke radical over S-Act. Also, let QQ be an S-act with a zero element
0. Then Q is (r,t)-injective if and only if, every inclusion map i : Qo — Q
can be extended through every r-essential cyclic t-radical extension. More
explicitly, Q is (r,t)-injective if and only if every diagram

QOL)A

Q

for which © is an inclusion map and m is an r-essential monomorphism and
A is a cyclic t-radical S-act can be completed by a homomorphism g : A — Q.

Proof. One way is clear. For the converse, using Theorem 3.3, let X be an
r-dense subact of a cyclic S-act Y and f : X — @ be a homomorphism
such that Y/(ker(f) U Ay) € R;. Then, by Theorem 3.9 of [15], there exists
k € Con(Y) such that X/ker(f) = X/k| is r-large in Y/k. So, since
ker(f) < k, the closedness of R; under homomorphic images implies that
Y/k € Ry. Thus we take the subact Qo of @ to be Qo = X/ker(f) and a
cyclic t-radical extension A of Qy to be A = Y/k. Now, by hypothesis, there
is a homomorphism f which commutes the diagram
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Xc Y

i)

|
X /ker(f Y/
i

) S—yR
¢I f ¢
Qo(\ A
AN
Q

So, f ooy is an extension of f. O

Y

Theorem 5.2. Given an (r,t)-injective S-act Q, every T € ¥y @) is (r,1)-
mjective.

Proof. By Theorem 3.8, let B be an r-dense subact of A € Ry and f : B — T
be a homomorphism. Then, for the inclusion map ¢ : T' — @, to f can be
extended through m to a homomorphism f : A — @Q. Hence the closedness
of R; under homomorphic images implies that the homomorphic image of
A under f is a t-radical subact of @) containing 7. So f(A) is contained
in a member X of X;). But, since ¥;) is a set of disjoint subacts of
Q and X, T € ¥ have nonempty intersection, f(B) < X NT # (), we
have T'= X. Hence the homomorphic image of A under f is a subact of T'.
Therefore T is (r,t)-injective. O

Theorem 5.3. Given two Hoehnke radicals r and t,
(1) If R.NR; consists of trivial S-acts, then all S-acts are (r,t)-injective.
(2) If R, =S or Ry =S, then all S-acts are (r,t)-injective.
(3) If R, = Ry, then an S-act Q is (r,t)-injective if and only if Q is
A-injective, for every A € R,.

Proof. To prove (1), we should note that if R, N R; consists of trivial S-
acts, then the only r-dense subact of a t-radical S-act A is A. Indeed, the
closedness of R; under homomorphic images implies that, for every r-dense
subact B of A, A/B € R, NR;. So A/B is a trivial S-act, by hypothesis.
Therefore we have A = B and the result follows from Theorem 3.8. Part (2)
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immediately follows from part (1). Also, part (3) is a corollary of Theorem
3.8. O

Remark 5.4. Given a Hoehnke radical » and a Kurosh-Amitsur radical t,
if the radical classes R, and R; are closed under coproducts, then, for every
A € Ry and trivial S-act ©, A[[© € Ry and (A][[©O)/A € R,. So one can
easily prove that
(1) every (r,t)-injective non-t-semisimple S-act contains a zero element.
(2) given a family {Q;}icr of S-acts which are non-t-semisimple, [ [, @,
is (r,t)-injective if and only if each Q; is (7, t)-injective.

Remark 5.5. Given two Hoehnke radicals r and ¢, if the coproduct of a
family {Q;}ier of S-acts, [[;c; Qi is (1, t)-injective then every @Q; with a zero
element is (r, t)-injective.

Proof. Given an (r,t)-pair (m: B — A, f : B — Q;) in which @; has a zero
element @, f can be extended to

f: A — R Qj
o {f(a) fla) € Q;
0 Other waise.

through m, in which f: A — [;c; Qi is the extention of ¢ o f through m,
where ¢; : Q; — [[;c; Qi is the injection map. O

Theorem 5.6. Given two Hoehnke radicals r and t, if S; is closed under
coproducts, then the following statements are equivalent:

(1) The coproduct of (r,t)-injective S-acts is (r,t)-injective.

(2) ©11© is (r,t)-injective, where © is a trivial S-act.

Proof. (1) = (2) is clearly true.

(2) = (1) To prove, we show that, for every r-monomorphism m : B — A
with A € Ry, each homomorphism f : B — [[,.; X;, in which each X is
an (r,t)-injective S-act, can be extended to a homomorphism f : A —
[L;c; X such that fm = f. To do so, we choose a fixed element j of I with
f(B)N X, # 0 and define the homomorphism f": B — {6:} I {62} by

) = {el £(b) € X

05  otherwise.
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where {6;}, i = 1,2, is the trivial S-act. So, using part (2), there exists
a homomorphism f’ : A — {6;} II {#2} such that f'm = f. But A € R,
and {01} 1 {02} € S;. Hence f'(A) = {61}. Thus f(B) = {61}. That
is f(B) € Xj. So, the (r,t)-injectivity of X; implies that there exists a
homomorphism f: A — [1;c; Xi such that fm = f. O

Definition 5.7. By an (r,t)-injective hull of an S-act A, denoted by
E4(A), we mean a minimal (r,¢)-injective S-act containing A.

Theorem 5.8. Let r be a hereditary Hoehnke radical and t be a pre-Kurosh
radical. Then (r,t)-injective hull E,.;)(A), for every S-act A, exists and it
s determined uniquely up to isomorphism.

Proof. First, we note that RfET (a)Y A is an (1, t)-injective hull of A. Indeed,
RET(A) U A is an (r,t)-injective S-act, by Theorem 4.2. Also, if A < P <
RET(A) U A is an (r,t)-injective S-act, then Theorem 4.5 implies that R}, =

RE,.(Ay So, RtET(A) U A < P. Therefore P = RfE,.(A) UA. 0O

Definition 5.9. Given a radical r over S-Act and an S-act A, we define a
closure operator ¢, of the category of S-Act by ¢(B) := BU R, for any
subact B of A.

Lemma 5.10. Given a Hoehnke radical r, the closure operator ¢, is both
idempotent and weakly hereditary.

Proof. The closure operator ¢, is idempotent, because for each subact B of
an S-act A, we have

A(cA(B))=c}(BYUR, = BUR,UR", = BUR'", = ¢2(B).

T (s

Also the closure operator ¢, is weakly hereditary, because for each subact B
of an S-act A, we have

P (B) = BUR., ) = BURpup, = BURRUR) = BUR) = c}\(B).
O

Definition 5.11. A subact B of an S-act A is said to be c¢.-large if B is
both large and c,.-dense in A. In this case, we call A to be a c¢,.-essential
extension of B. Also, a ¢.-monomorphism ¢ : B — A is called c¢,.-essential
monomorphism if 1(B) is ¢,-large in A.
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Definition 5.12. Let r and ¢ be two Hoehnke radicals.

(i) An S-act @ is said to be ¢,-injective if every homomorphism f : B —
@ with nonempty domain can be extended to a homomorphism f: A — Q
through every ¢,-monomorphism i : B — A, that is, f = fi. Also an S-act,
denoted by E. (A), is called c,-injective hull of an S-act A whenever it is
cr-injective and a c¢,-essential extension of A.

(ii) An S-act @ is called (r,c;)-injective if every homomorphism f :
B — @ with nonempty domain can be extended to a homomorphism
f : A — @Q through every homomorphism i : B — A which is
both r-monomorphism and c¢;-monomorphism. Also an S-act, denoted by
Ee, ., (A), is called (r, ct)-injective hull of an S-act A whenever it is (r, ¢;)-
injective and an (r, ¢;)-essential extension of A.

Proposition 5.13. Let r be a hereditary Hoehnke radical and t be a Hoehnke
radical. Then, for each S-act A, E. (A) = AU Rl 4y and Egen(A) =
AURG (4

Proof. Obviously, the class of essential monomorphisms is left cancellable
for monomorphisms. Also since r is hereditary, the class of r-essential
monomorphisms is left cancellable for monomorphisms, and, by Lemma
5.10, ¢, is idempotent and weakly-hereditary. So, by Proposition 2.6, we
have E,(A) = o (4) = AU Ry ) and By )(4) = ¢ (4) =
AU RTET( A)° O

Remark 5.14. Given a Hoehnke radical ¢t and a hereditary Hoehnke radical
r, the fact that the notion of (r, ¢;)-injectivity is well-behavior follows from
Proposition 5.13 and Corollaries 2.7 and 2.8.

Definition 5.15. Given two Hoehnke radicals r and ¢, and an S-act A,
(i) we say that an S-act X is an (r,t)-essential extension of A whenever
X is an essential extension of A with X < RfET(A) UA.

(ii) We say that A is (r,t)-absolute retract if every r-monomorphism
m: X — B with B € Ry and X € X4 is a retraction.

Proposition 5.16. Let r be a hereditary Hoehnke radical and t be a pre-
Kurosh radical. Then the following conditions are equivalent, for an S-act
Q:

(1) Q is (r,t)-injective.
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(2) Q has no proper (r,t)-essential extension.
(3) Q is (r,t)-absolute retract.

(4) Q is (1, ct)-injective.

(5) Q has no proper (r,c)-essential extension.
(6) @Q is (r,ct)-absolute retract.

Proof. (1) = (2) For a given (r,t)-essential extension A of @, we have
Q<AL RE (Q) U Q. But, since @ is (r,t)-injective, Theorem 4.5 implies
RjEr(Q) U = R UQ C @, and hence R, y U Q = Q. Therefore Q) = A.

(2) = (1) By Definition 5.15, RE ) U Q is an (r,t)-essential extension
of (). So, by hypothesis, ) = RE @) U Q. But, since, by Theorem 5.8,
Rt yu Q is (r,t)-injective hull of @, @ is (r,t)-injective.

(1) (3) By Theorem 5.2, every X € Yy ) is (r,t)-injective. So, for
every r-monomorphism m : X — B with B € R; and X € ¥;@), idx can
be extended to idy : B — X through m. That is m is a retraction.

(3) = (1) First we note that for every X € ¥y, there exists X €
Y4B, (@) such that X < X. Also, heredity of r indicates that X is r-dense
in X € R;. So, the inclusion map X — X is both monomorphism and
retraction. Hence X = X. Therefore, by Theorem 4.5, Q is (r,t)-injective.

The implications (4) < (5) < (6) follow from Corollary 2.8 and Lemma
5.10 and the implications (1) < (4) follows from the fact that E,.,)(Q) =
E(nt)(Q), for every Q € S-Act, see Proposition 5.13 and Theorem 5.8. [
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